In this work we present a technique to obtain bounds on the generalized uncertainty principle deformation parameter by using an improved Schwarzschild solution represented by the Hayward metric in the context of scale-dependent gravity. Specifically, this deformation parameter can be interpreted in terms of a running parameter which controls the deviation from the standard EinsteinHilbert action in the scale-dependent scenario.
I. INTRODUCTION
The interior of black holes (BHs) is plagued with uncertainties due to the presence of singularities, predicted some time ago [1] . Until a complete theory for quantum gravity is developed, these singularities are expected to be smoothed out by some effective theory operating, presumably, at the Planck scale. In this sense, the study of regular (i. e., non-singular) BH solutions, is well motivated. Among all the regular models for BHs considered in the literature (for an incomplete list see, for example, [2] [3] [4] [5] [6] [7] [8] [9] [10] ), particular interest has raised recently regarding the Hayward solution in the context of the socalled Planck stars [11] [12] [13] [14] [15] , which are hypothetical objects formed at the end of gravitational collapse, which stops before the central singularity is formed, yielding to the formation of a central core. Planck stars, which can be much larger than the Planck length, are conjectured to be possible sources of radio and gamma-ray bursts [15] . Therefore, the interest in the study of these kind of objects comes from both the theoretical and the experimental side because their represent a speculative but realistic possibility to observe quantum gravity effects [15] . Regarding these effects, different ways to introduce such a corrections to the well known classical BH solutions have been considered by promoting the metric function to a scale dependent one, which is known from the renormalization group flow (see [16] [17] [18] [19] and references therein). A different approach, based in an effective action, consists in promoting the coupling constants of the theory to fields on the underlying space-time. This procedure leads to modified Einstein field equations to be solved for both the metric tensor and the scale-dependent couplings (fields) involved. This idea was previously investigated by Weinberg thought the well know Weinberg's * On leave from Universidad Central de Venezuela † ejcontre@espol.edu.ec ‡ p.bargueno@uniandes.edu.co
Asymptotic Safety program [20] [21] [22] [23] [24] [25] [26] [27] . The same approach was extended in Ref. [28] to study study black hole solutions in an asymptotically safe gravity theory including higher derivative terms and running gravitational couplings. Recently, the technique has been employed in both three-dimensional and [30] [31] [32] [33] [34] [35] four-dimensional BHs [36] [37] [38] [39] [40] [41] [42] and in a cosmological context [43] .
Another technique is related to the Generalized Uncertainty Principle (GUP) which consists in a modification of the Heisenberg uncertainty principle as a consequence of the existence of a minimum length when gravitational effects are switched on . More rencently, the GUP parameter have been computed by conjecturing that the GUP-deformed BH temperature of a Schwarzschild BH and the modified Hawking temperature of a quantumcorrected Schwarzschild BH are the same [69] [70] [71] [72] . From the experimental point of view, the feasibility of detecting these Planck-scale effects by measuring the deformation parameter at the laboratory has recently attracted considerable attention [73] [74] [75] [76] .
In this work we interpret the Hayward BH solution as a modification of the Schwarzschild BH which arises as a consequence of the scale-dependence of the couplings on the underlying theory [30-32, 37, 38] . In this sense, the BH temperature can be considered as a scale-dependent corrected quantity, which we expect to coincide with corrections coming from other approaches. Specifically, the scale-dependent treatment should give a corrected temperature consistent with the corrections coming from the GUP. This procedure will allow us to obtain some bounds on the two parameters characterizing the approaches, named the GUP and running parameters.
The work is organized as follows. Section II is devoted to summarize the main aspects of scale-dependent gravity. In Sect. III we introduce a particular GUP, together with its corrected BH temperature. The scale-dependent Hayward solution is studied in Sect. IV. Sec. V is devoted to a comparison between scale-dependent and GUP corrections to the BH temperature, and final comments are left to the concluding remarks on Sect. VI
II. SCALE-DEPENDENT GRAVITY
The effective Einstein-Hilbert here considered reads
with G k standing for the scale-dependent gravitational coupling, and S matter is the action for the matter sector.
After variations with respect to the metric field, g µν , the modified Einstein's field equations can be written as
where T ef f µν is the effective energy momentum tensor defined as
T µν corresponds to the matter energy-momentum tensor and ∆t µν , given by
is the so-called non-matter energy-momentum tensor.
Variations with respect to the scale-field, k(x), lead to
In order to avoid the use of beta functions, and following [30, [37] [38] [39] , all the couplings present in the action are promoted to fields depending on space-time coordinates. In our case, this translates into G 0 → G(x), where G 0 is the classical (i. e. non-running) gravitational constant. For the purpose of the present work, we consider a static and spherically symmetric space-time with a line element parametrized as
As in a previous work [39] , after replacing Eq. (6) in Eq. (2), three independent differential equations for the four independent fields f (r), G(r), T 0 0 and T 2 2 , are obtained and, in order to decrease the number of degrees of freedom, the null energy condition (NEC) is demanded [30, 38, 39] . With the parametrization of Eq. (6), both G µν and T µν saturate the NEC and, therefore, ∆t µν must saturate it also for consistency. This last condition on ∆t µν leads to
where ǫ ≥ 0 is a parameter with dimensions of inverse of length. At this point a couple of comments are in order. First, it is worth mentioning that, in the limit ǫ → 0, G(r) = G 0 , ∆t µν = 0 and the classical Einstein's field equations are recovered. For this reason, ǫ is called the running parameter, which controls the strength of the scale-dependence [30] [31] [32] [33] 39] . Second, the Newton coupling G(r) we have obtained should be thought as an effective field which takes into account the deviations of the theory in the scale-dependence scenario from General Relativity. And third, this G(r) is not at the same level of that considered in asymptotic safety [20] [21] [22] [23] [24] [25] [26] [27] because we don not have an explicit relation between the energy scale and the r coordinate.
III. GUP AND BH TEMPERATURE
Among the various forms that have been suggested in the past of deformations of the commutation relations, in this work we are interested in the particular case given by [89] [
which is equivalent, for states satisfying p 2 = 0, to a modification of the uncertainty principle which can be expressed as
where β is the GUP parameter. The effect of this GUP on the standard Hawking temperature for a Schwarzschild BH follows from the argument of the Heisenberg microscope [77] together with the consideration of an ensemble of unpolarized photons (of Hawking radiation) outside the horizon with uncertainty given by the GUP, together with their energy equipartition [78] [79] [80] [81] [82] [83] . After inverting the mass-temperature relation predicted by the GUP (see, for example, Ref.
[70]) we arrive to
where M 0 is the BH mass. As the GUP parameter β is expected to be or the order of unity, for BHs with M 0 ≫ m P we can expand in powers to β to get
recovering the usual Hawking spectrum at zero order in β.
We stress that this shifted Hawking temperature is due to the thermal character of the GUP corrections which can be also computed, for example, from a canonical point of view [84] . In the next sections we will show that this correction to the Hawking temperature can be associated with a running mechanism developed for the Hayward BH.
IV. SCALE-DEPENDENT HAYWARD SOLUTION
In this section, we reformulate the Hayward solution [8] as a modified Schwarzschild solution in the context of scale-dependent gravity. More precisely, given the Hayward solution [8] 
where M 0 is the BH mass, L 0 corresponds to the Hubble length, and following the idea presented in a previous work [39] , the scale-dependent solution can be obtained simply by replacing 2L
Note that, as stated in [39] , the deviation of Eq. (13) from the Schwarzschild solution is now controlled by the running parameter ǫ. Moreover, the Schwarzschild solution is recovered when ǫ → 0.
The reformulation of Eq. (12) in terms of scaledependent gravity leads to a reinterpretation of the matter sector. In particular, the matter content T µν can be associated with certain anisotropic vacuum which appears in a regime where the scale dependence cannot be ignored [39] . This can be shown by an explicit calculation which leads to
Note that the non-matter energy momentum tensor, ∆t µν , given by
acts as a counterterm which cancels the divergence of T µν at r → 0, in agreement with [85] . Therefore, we arrive to a regular effective energy momentum tensor whose components are expressed as
The effective density −(T ef f ) 0 0 is regular everywhere and decays faster that r −3 , as required in Ref. [85] . More-over, in the limit r → 0, this T ef f µν becomes isotropic corresponding to a vacuum energy associated to an effective cosmological constant given by Λ ef f = 3 4πG 3 0 ǫ 2 . Note that the effective energy-momentum tensor vanishes when ǫ → 0, and the vacuum solution is recovered in accordance with Birkhoff's theorem. At this point, although BH thermodynamics could be studied as in previous works [30-33, 37, 38] , in this work we will concentrate on the BH temperature because this can be related to the corrected temperature obtained from the GUP approach, as it will be shown in the next section.
V. GUP AND SCALE-DEPENDENT BH TEMPERATURE
The scale-dependent Hayward solution of Eq. (13) reads, for small ǫ, as
Following Ref. [70, 71] , for a line element parametrized as in Eq. (6), the associated horizon temperature can be written as
where a = 2G 0 M 0 corresponds to the Schwarzschild radius and the prime denotes derivative with respect to the radial coordinate. Now, from Eq. (20) it can be easily shown that
On one hand, after replacing Eq. (22) in Eq. (21), the scale-dependent-corrected temperature can be expressed by
On the other hand, as stated previously, the temperature of a Schwarzschild BH is modified by the GUP as
Therefore, by comparing these expressions for the corrected BH temperature we get that the running and GUP parameters are related by
It is worth mentioning that, as commented in [38] , the running parameter ǫ must be considered small with respect to the other scales entering the problem such as
More precisely, ǫ encodes the deviation from the classical solution and therefore its value is also experimentally expected to be very small in comparison with other integration constant with dimensions of energy. As a consequence, the GUP parameter β is constrained by
VI. CONCLUDING REMARKS
In this work we have obtained a new bound on the GUP deformation parameter, β, by means of a comparison between the corrected black hole temperature coming from the GUP and a scale-dependent approach. In order to do this, we have shown that the Hayward regular black hole is a solution of an effective scale-dependent gravity theory, controlled by certain running parameter, ǫ. In this sense, scale-dependence provides a mechanism for the regularization of the Schwarzschild geometry. Moreover, as a bonus, we have shown that the simplest toy model describing Planck stars can be ascribed to the running of the Newton constant. Then, after computing the lower order corrections to the temperature of the scale-dependent Hayward solution, we request that these corrections coincide with that computed using the GUP, which allow us to connect both approaches. Specifically, β is related with ǫ by β = (πǫ/m p ) 2 . Even more, since ǫ ≤ m p , we get β ≤ π 2 . Finally, a couple of comments are in order. First, we obtained a GUP parameter which is of order one, as expected from other approaches concerning the GUP (see [70] and references therein). Second, although the numerical value of β is not fixed unambiguosly, in contrast with [70] , the procedure here employed allows to connect for the first time the GUP with scale-dependent gravity, which is expected to describe in an effective way gravitational effects beyond the validity of general relativity. Finally, in this sense, and in the context of black holes, we conjecture that scale-dependent gravity could encode some features of a generalized uncertainty principle, at least in an effective way. Even more, we expect that the effect of the running of the couplings in the context of scale-dependent gravity may leave some imprint on the Cosmological Microwave Background in the same way that this effect is expected in the GUP scenario [87, 88] 
